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Abstract
We compute the CMB angular power spectrum in the presence of a radiation-like solid –
elastic matter with the same pressure to energy density ratio as radiation but with nonzero
shear modulus. For the values of shear modulus that are close enough to zero, so that the
effect of the solid on large-scale anisotropies remains within cosmic variance, we find that
there is an observable effect of the solid on small-scale anisotropies.
1 Introduction
The idea of solid matter was introduced into cosmology in an attempt to give an alter-
native explanation of the acceleration of the universe, see [1] where the dark energy was
replaced by a solid with negative pressure to energy density ratio w. Further development
of the theory [2, 3, 4, 5, 6, 7, 8] included works where inflation was driven by a solid (solid
inflation) [9, 10, 11, 12, 13]. An important example of how such solid can materialize are
cosmic strings and domain walls [2, 3, 8].
The effect of a solid can be obtained by any mechanism leading to nondiagonal 3-space
components of energy-momentum tensor of the desired form. In particular, one can replace
internal coordinates of the solid by three scalar fields φA(x) and consider a Lagrangian L[φ]
depending on them [10, 11].
To extend the parameter space of the theory one can consider also a solid with positive
pressure to energy density ratio [14]. An important special case is the radiation-like solid
with w = 1/3, which does not influence the evolution of the unperturbed universe if the total
energy density of radiation and solid equals the energy density of radiation in the standard
case. Materialization of such a solid could be a Coulomb crystal with relativistic Fermi gas
of moving particles, or a network of speculative ’spring-like’ strings with energy inversely
proportional to their length.
Radiation-like solid, like any matter that has w ≥ −1/3, produces decelerating expansion
of the universe. Thus, it cannot be regarded as an alternative to dark energy. The reason
why we are studying it is that it would, if present in the universe, modify the evolution of
perturbations and leave an imprint on CMB anisotropies.
The solid component of matter considered in cosmology differs greatly from the solids
known from everyday experience, since it has to be stretched by many orders of magnitude
in the course of expansion of the universe, and still remain solid. Such behavior is necessary
if we want to preserve the cosmological principle. If the solid was motionless while the other
components of cosmic matter were expanding, different observers would see it in different
states of motion, hence the universe would look differently for them.
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Solid matter affects the evolution of perturbations if it appears with flat internal geometry
and nonzero shear stress acting in it. Such solidification cannot occur in pure radiation and
must be related to some other kind of particles distributed anisotropically before solidification.
The particles could possibly appear in the universe as a remnant of solid inflation.
However well the current observations are explained by standard theory with radiation,
baryonic matter, cold dark matter and dark energy, future observations could be neverthe-
less lacking in full explanation within the standard theory and some nonstandard theories,
including the model presented in this work, might become relevant.
The effect of a radiation-like solid on long-wavelength perturbations and on the coefficients
of angular power spectrum of cosmic microwave background (CMB) with very low multipole
moments was studied in [15]. In the long-wavelength limit the sound speed does not appear
in the equations for perturbations (see (7.69) in [17]), therefore one can suppose the cold dark
matter (CDM) to be coupled to the baryon-radiation plasma. Also, considering neutrinos to
be coupled to photons should not change the results qualitatively.
In this work we study how a radiation-like solid appearing in the universe shortly after
inflation influences the CMB angular power spectrum for arbitrary multipole moments. To
get the high moments right, one must consider a model in which the CDM and neutrinos
are decoupled from the baryon-radiation plasma. Rather than merely extending the existing
theory of a universe filled with ideal fluid, which uses gauge invariant variables as basic
objects [16, 17], we build the theory from the scratch in the proper-time comoving gauge
[18]. In section 2 we derive equations governing the evolution of perturbations in this gauge,
in section 3 we enumerate important effects contributing to the CMB anisotropies, in section
4 we summarize the effects of the radiation-like solid on the CMB anisotropies and in the
last section we discuss results. To complete the analysis, in the appendix we solve equations
from section 2 analytically in the long-wavelength limit. We use the signature of the metric
tensor (+ −−−) and the units in which c = 16πG = 1.
2 Equations for perturbations
Observations of the CMB anisotropies can be explained by the perturbation theory and
of the three kinds of perturbations, scalar, vector and tensor, scalar perturbations appear
to give the dominant contribution to the observed anisotropies. We will consider scalar
perturbation theory in a flat Friedmann–Robertson–Walker–Lemaître (FRWL) universe filled
with radiation, baryonic matter and CDM, which appears to be a realistic model of the
universe in the pre-recombination era. However, we will add an elastic radiation-like matter
with nonzero shear modulus to the other matter components. The presence of the radiation-
like solid, which has the pressure to energy density ratio w = 1/3 just like radiation (photons
and, in the early universe, neutrinos), does not change the evolution of the unperturbed
universe provided that the total energy density of all radiation-like components is unchanged.
We will use proper-time comoving gauge [18] in which the (00)-component of the metric
tensor is unperturbed and the shift vector δx is zero for radiation-like solid as well as for all
kinds of matter coupled to it. In this gauge the scalar part of metric takes the form
ds(S)2 = a2
{
dη2 + 2B,idηdx
i − [(1− 2ψ)δij − 2E,ij ]dxidxj
}
, (1)
where a is the scale parameter, η is the conformal time and B, ψ and E are the functions
describing scalar perturbations. If the only matter coupled to the radiation-like solid is the
baryon-radiation plasma, the scalar part of energy-momentum tensor is
T 00 = ρ+ ρ
bsγ
+ (3ψ + E) + δρd + δρν , T 0(S)i = ρbsγ+ B,i + ρdϑ,i + ρν+σ,i,
T
j(S)
i = −pδji −K(3ψ + E)δji − 2µET,ij − 2Na−1ET,ηij−(1/3)δρνδji , (2)
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where ρ is the total energy density, ρ+ = ρ + p, p being pressure, ρd is the energy density
of the CDM, ρν is the energy density of neutrinos, ρbsγ is the energy density of the system
of baryons, solid and photons, δρd and δρν are perturbations of the energy density of CDM
and neutrinos, ϑ,i and σ,i are scalar parts (longitudinal parts in Helmholtz decomposition)
of the velocity of CDM and neutrinos with respect to other matter, K= (1/3)ρsγ+ is the
compressional modulus of the system of solid and photons, µ is the shear modulus of the
radiation-like solid, N is the shear viscosity coefficient due to the coupling of photons and
baryonic matter before recombination (which is responsible for Silk damping), E = △E and
ET,ij ≡ E,ij − (1/3)△Eδij is the traceless part of the tensor E,ij .
Energy-momentum tensor with nondiagonal spatial components can be obtained from any
given Lagrangian L[φ] which is invariant under internal rotations and translations [10, 11],
φA →MABφB , φA → φA + CA,
MAB ∈ SO(3), CA ∈ R3, A,B = 1, 2, 3, (3)
where the capital indices are raised and lowered by the Euclidean metric δAB. If the object
described by the theory is solid matter, the three-component field φA is interpreted as the so-
called spatial internal coordinates which move with the matter. As a result, in the perturbed
FRWL universe we have
φA(x) = δAi x
i − δxA(x), (4)
where the fields δxA describing the perturbed state of the solid play the role of Goldstone
boson fields in the field formulation of the theory. The Lagrangian leading to the energy-
momentum tensor (2) up to the first order of perturbation theory, except for the Silk damping
term, is [14]
L = L0 + c1∂µφA∂µφA + (c2δABδCD + c3δACδBD)∂µφA∂µφB∂νφC∂νφD, (5)
where L0 = ρ + 9(K − ρ+)/8, c1 = (3K − ρ+)a2/4, c2 = (λ + ρ+)a4/8, λ being the first
Lame coefficient related to compressional modulus by the formula K = λ + 2µ/3, and c3 =
(µ − ρ+)a4/4. The Silk damping term is not obtained from the Lagrangian, but computed
directly from the expression of energy-momentum tensor for an imperfect fluid [17].
For the variables ψ, E , B, ϑ, δρd, σ and δρν we have equations
4ψ′ = a2(ρbsγ+ B + ρ
dϑ+ ρνσ), (6)
4△(HB + ψ)− 4H(3ψ + E)′ = a2(ρbsγ+ (3ψ + E) + δρd + δρν), (7)
ρbsγ+ B
′ = H(3K − ρbsγ+ )B + 3Kψ + (K + 4µ/3)E + 4Na−1E ′/3, (8)
ϑ′ = −Hϑ, (9)
(δρd/ρd)′ − (3ψ + E)′ = △(ϑ−B), (10)
4σ′ = δρν/ρν , (11)
3(δρν/ρν)′ − 4(3ψ + E)′ = 4△(ϑ−B), (12)
where the prime denotes differentiation with respect to η and H = a′/a. Equations (6) and
(7) are derived from
(
0
i
)
and
(
0
0
)
components of Einstein field equations, 2G 0i = T
0
i and
2G 00 = T
0
0 , equations (8), (9) and (11) are obtained from the momentum conservation law,
T µi ;µ = 0, written for the system of baryon-radiation plasma and radiation-like solid, CDM
and neutrinos respectively, and equations (10) and (12) follow from the energy conservation
law, T µ0 ;µ = 0, written for CDM and neutrinos. All equations are obtained in the first order
of the perturbation theory in the case when the internal geometry of the radiation-like solid
is flat.
Equations (6)–(12) are not invariant under coordinate transformations because the proper-
time comoving gauge allows for a residual transformation η → η + a−1δt(x), where δt(x) is
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the local shift of the moment at which the time count starts. The function E is invariant
under this transformation and B, ψ, CDM energy density contrast δd = δρd/ρd, neutrino
energy density contrast δν = δρν/ρν , ϑ and σ can be rewritten as
B = B + χ, ψ = −Hχ,
δd = δˆd − 3Hχ, ϑ = ϑˆ+ χ,
δν = δˆν − 4Hχ, σ = σˆ + χ, (13)
where χ transforms as χ→ χ+a−1δt(x) and B, δˆd, δˆν , ϑˆ and σˆ are invariant. It is convenient
to introduce a rescaled time ζ = η/η∗, where η∗ = ηeq/(
√
2− 1) and ηeq denotes the moment
when the energy density of matter is equal to the energy density of radiation. As long as the
contribution of dark energy to the total energy density is negligible, which is surely the case
before recombination, the scale parameter can be written as a = aeqζ(ζ + 2).
Using (6) and (13) and considering perturbations of the form of a plane wave with the
comoving wave vector k, equations (7)–(12) can be rewritten into the invariant form
E ′ = −(s2 + 3αbsγH˜2)B˜ − αbsγH˜E − 3αdH˜2Θ− αdH˜δˆd − 3ανH˜2Σ− 3
4
ανH˜δˆν , (14)
B˜′ = (3c2s0 + αbsγ − 1)H˜B˜ + c2s||E + ΞE ′ + αdH˜Θ+ ανH˜Σ, (15)
Θ′ = αbsγH˜B˜ + (αd − 1)H˜Θ+ ανH˜Σ, (16)
δˆd′ = E ′ + s2(B˜ −Θ), (17)
Σ′ = αbsγH˜B˜ + αdH˜Θ+ ανH˜Σ + 1
4
δˆν , (18)
δˆν ′ =
4
3
E ′ + 4
3
s2(B˜ − Σ), (19)
where the prime denotes differentiation with respect to ζ, s = kη∗, H˜ = a′/a with the
redefined prime, B˜ = B/η∗, Θ = ϑˆ/η∗, Σ = σˆ/η∗, αbsγ = 3ρbsγ+ /(2ρ), αd = 3ρd/(2ρ),
αν = 3ρ
ν
+/(2ρ) and Ξ = 4N/(3aρbsγ+ η∗). The two sound speeds appearing in equation (15),
auxiliary sound speed cs0 and longitudinal sound speed of the baryon-radiation plasma with
radiation-like solid coupled to it cs||, are defined as
c2s0 =
K
ρbsγ+
, c2s|| = c
2
s0 +
4
3
µ
ρbsγ+
= (1 + 3ξ)c2s0, (20)
where ξ is the dimensionless shear modulus defined as
ξ=
µ
ρsγ
, (21)
ρsγ being the sum of energy densities of solid and photons. The shear viscosity coefficient N
entering equation (15) is proportional to the mean free time for photon scattering, which is in
turn inversely proportional to electron ionization fraction. In our computation, we took into
account that this fraction drops smoothly from 1 to a value close to zero during recombination
(see §3.6.2 and §3.6.3 in [17]).
Equations (14)–(19) describe completely the evolution of perturbations in the presence of
radiation-like solid. They generalize equations (4) in [15] valid in long-wavelength limit only.
Perturbations generated during inflation are long-wavelength (superhorizon) afterwards,
therefore the initial conditions for equations describing their evolution, set at some moment
ζinf shortly after the end of inflation, are E(ζinf ) = (−9/2)Φ(0), B˜(ζinf ) = 0, Θ(ζinf ) =
0, δˆd(ζinf ) = (−9/2)Φ(0), Σ(ζinf ) = 0, δˆν(ζinf ) = −6Φ(0), where Φ(0) is the primordial
Newtonian potential. Suppose the time of solidification ζs (the time when the radiation-like
solid was formed) was greater than the time ζinf but much smaller than the time ζeq (the time
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of matter–radiation equality). Then, the initial conditions at some moment ζin > ζs, when
the numerical integration of the equations for perturbations starts, can be obtained by solving
the equations between the times ζinf and ζin analytically, neglecting the contribution of the
CDM and baryonic matter to the energy density and considering the primordial perturbations
to be superhorizon up to the moment ζin. In this way we find
E(ζin) = − 9
4n
(
Mζˆ−m −mζˆ−M
)
,
B˜(ζin) = 9ζs
24n
[
M(M + 1)ζˆM −m(m+ 1)ζˆm
]
,
Θ(ζin) = B˜(ζin) + 9
4n
ξζs
(
ζˆM − ζˆm
)
,
δˆd(ζin) = E(ζin),
Σ(ζin) = B˜(ζin)− 9
2
ξζin,
δˆν(ζin) =
4
3
E(ζin)− 36ξ, (22)
where ζˆ = ζin/ζs, n =
√
1− 24ξ/2, m = 1/2− n and M = 1/2 + n.
We have assumed that the moment ζinf occurred shortly, but not immediately, after the
end of inflation, so that the decaying part of perturbations was negligible then. We have
also assumed that the moment ζin followed soon enough after the moment ζs, so that it
occurred much sooner than the time of equality ζeq and the short-scale perturbations were
superhorizon then. The latter assumption at the same time enabled us to use the law a ∝ ζ
valid for radiation-dominated universe, when deriving the conditions (22). The constraints
on ζinf and ζin leave us with a wide interval of possible values of the solidification time ζs.
It turns out, however, that the results practically do not depend on the actual value of ζs, so
that we could have chosen ζs = 10−9, which corresponds to energy about 500 MeV, in our
calculations, although the solid presumably appeared at an energy scale much greater than
the energies accessible at present-day accelerators.
The perturbations were supposed to be purely adiabatic at the moment ζinf . If entropic
perturbations emerged from inflation, the time ζinf should be shifted to the first period
of local thermal equilibrium with no non-zero conserved quantities, see §5.4 in [16]. Note
that after solidification, the perturbations do not retain the simple form derived in [16] for
adiabatic perturbations. For an analysis of this effect, see §9 in [10].
Instead of the proper-time comoving gauge, one often uses Newtonian gauge in which the
scalar part of space-time metric is diagonal. Metric in the Newtonian gauge is given by two
potentials invariant under coordinate transformations, Φ, called Newtonian potential, and Ψ,
as g00 = a2(1+ 2Φ) and gij = −a2(1− 2Ψ)δij . The functions Φ and Ψ can be written as [17]
Ψ = H(B − E′), Φ = Ψ− µa2E, (23)
where the difference between Φ andΨ is given by the traceless part of the equation 2G ji = T
j
i .
The Silk damping is omitted here since its contribution to the second equation in (23) is
negligible.
Characteristics of matter, density contrast δ = δρ/ρ and “velocity potential” φ defining
the scalar part of velocity according to u(S)i = φ,i, can be computed in Newtonian gauge as
well. In this way we obtain invariant functions δ¯ and φ¯, which are often viewed as physical
quantities. For CDM and neutrinos, the physical density contrasts and ”velocity potentials”
are
δ¯d = δˆd + 3H(B − E′), ϑ¯ = ϑˆ+ B − E′,
δ¯ν = δˆν + 4H(B − E′), σ¯ = σˆ + B − E′. (24)
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Another useful relation,
δρ
bsγ
= ρbsγ+ (3Ψ + E), (25)
is valid also for separate components of the system consisting of baryons, solid and photons.
Note that the velocity potentials ϑˆ and σˆ define the spatial part of 4-velocity with the
lower index. In order to acquire physical velocities one must rise the index with respect
to the perturbed metric to obtain the potentials B − ϑˆ for the CDM physical velocity and
B − σˆ for the neutrino physical velocity, both with respect to the baryon-radiation plasma.
Furthermore, for the long-wave perturbations we have δ
d
= (3/4)δ
γ
and δ
ν
= δ
γ
[19], and
since δ
γ
= 4Ψ + 4E/3 (see equation (25)) and δd = δˆd + 3Ψ, δν = δˆν + 4Ψ (see the first
equation in (23)), we can see that the differences δˆd − E and δˆν − (4/3)E are deviations of
the actual density contrasts from their limit values.
3 Fluctuations of the CMB temperature
The CMB anisotropies are given by perturbations around the time of last scattering and
effects influencing photons during their propagation to the observer, which can be described
by the relativistic Boltzmann equation for polarization-dependent distribution function of
photons. The solution for temperature fluctuations δT/T can be expressed in the form of
line-of-sight integral, and if we restrict ourselves to scalar fluctuations, we can write it as a
sum of two terms (see §7.1 in [16]),
δT
T
(η0, l) =
(
δT
T
)
early
(η0, l) +
(
δT
T
)
ISW
(η0, l), (26)
where η0 is the conformal time today and l is the unit vector pointing towards the observer
from the place in the sky from which the radiation is coming. The first term represents
fluctuations which appeared when there was significant amount of free electrons in the uni-
verse (this includes the period of reionization, which is however not considered here), and the
second term, called integrated Sachs–Wolfe effect, represents fluctuations which arise from
the action of metric perturbations on radiation during its propagation to the observer.
The early part of temperature fluctuations simplifies if we assume that photons are in
local thermal equilibrium during the whole period of recombination, and that they can scatter
for the last time at any moment ηl with the probability distribution given by their mean free
time at that moment. The line-of-sight integral then reduces to an integral over the times
ηl, with the integrand that can be written as(
δT
T
)
early
(η0, l; ηl) =
1
4
δγ(ηl, l) + Φ(ηl, l) + v(ηl, l) · l, (27)
where δγ = δρ
γ
/ργ is the photon density contrast in Newtonian gauge (for simplicity, we
skip the bar over δ), v is the local velocity of the radiating matter, and δγ(η, l), Φ(η, l)
and v(η, l) denote the values of functions δγ , Φ and v at the conformal time η and at the
position where the photon arriving in the direction l was at that time. The first term in (27)
is the local contribution to δT/T as computed from the proportionality ργ ∝ T 4 (Stefan–
Boltzmann law), the second term is called Sachs–Wolfe effect and comes from the action of
metric perturbations on radiation in the place of last scattering, and the third term is due
to Doppler effect, which contributes to the temperature fluctuations because the radiating
matter at the time of last scattering is not static. Note also that equation (25), when written
for photons, implies that δγ can be expressed in terms of the perturbations of metric as
δγ = 4(Ψ + E/3).
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The ISW part of temperature fluctuations is known to be negligible, except for fluctuations
with greatest wavelengths, in case the universe is filled with ideal fluid. A question arises
whether this is the case also when the universe contains a solid component. The answer is
apparently “yes”, as can be seen most easily if we estimate the integral of Φ′ + Ψ′, which
appears in the part of the angular power spectrum coming from (δT/T )ISW , by keeping the
leading terms in the expansion of Φ′ +Ψ′ in s only.
The velocity v can be obtained from the energy conservation law for radiation, written
in Newtonian gauge,
3(δγ − 4Ψ)′ + 4∇ · v = 0. (28)
(See (7.110) in [17], where Φ is to be replaced by Ψ in order that the equation stays valid
in the presence of solid matter.) Considering perturbations of the form of the a plane wave
with the comoving wave vector k, we find
v(ηl, l) · l = i3
4
k · l
k2
∂
∂η
(δγ − 4Ψ)ηl , (29)
so that the contribution of photons which scattered at the last time at the moment ηl to the
fluctuations of temperature seen in the direction l is approximately
δT
T
(η0, l; ηl) =
∫
d3k
(2π)3/2
(α(k) + β(k)∂0)ηl e
ik·l(ηl−η0), (30)
where ∂0 = ∂/∂η0 and α(k) and β(k) are defined as
α(k) =
1
4
δγk +Φk, β(k) = − 3
4k2
∂
∂η
(δγk − 4Ψk) . (31)
The functions δγk, Φk andΨk entering here are amplitudes of the corresponding perturbations
in the form of plane waves, which depend on the conformal time η only.
In what follows we suppose that the dimensionless shear modulus ξ defined in (21) is
small in absolute value. The numerical solution of equations for perturbations revealed that
for |ξ| . 5 · 10−4 it is sufficient to consider the functions α and β in the form of Taylor
expansion up to the first order in ξ,
α(k) = α0(k) + ξα1(k), β(k) = β0(k) + ξβ1(k). (32)
The functions α0, α1, β0 and β1 can be computed at any moment η by numerical solution
of equations (14)–(19) with the initial conditions (22). The equations are accurate in the
tight-coupling regime until some moment before the time of recombination ηr defined below,
and in the limit of sharp transition from opacity to transparency we can use them up to the
moment ηr. The behavior of the functions α0, α1, β0 and β1 at that moment is shown in
fig. 1. In the calculations we have used the values ζs = 10−9 and ζin = 10−5, and for the
viscosity coefficient entering equation (15) we have used the formula
N = 4
15
ργ
σTneXe
, (33)
where ργ is the photon energy density, σT is Thomson cross section, ne is the total number
density of electrons and Xe is the ionization fraction. For the redshift z up to 1200 we have
approximated the ionization fraction by the formula (3.202) in [17], and for z over 1200 we
have used an exponential function converging to 1 for z going to infinity and matching the
low-redshift function together with its derivative at z = 1200. Note that the formula (33) has
been derived without taking into account the polarization of photons. In a more accurate
7
Fig. 1: Functions α0, α1, kβ0 and kβ1 at the moment η = ηr, divided by the primordial
value of the Newtonian potential Φ(0)
k
. The ratios depend only on the comoving wavenumber
k and not on the direction of the vector k, because the equations governing the evolution of
perturbations are isotropic.
formula, the factor 4/15 is replaced by 16/45, see §6.4 in [16]; however, the results presented
in the next section are not affected significantly by this correction.
Note that α1 diverges in the long-wavelength limit being proportional to k−2 for small k.
This divergence occurs due to the gauge transformation in (23), while variables in proper-
time comoving gauge have no divergences so that the perturbation theory remains applicable.
This is the conceptual reason for using proper-time comoving gauge in our problem.
Due to the finite duration of recombination, the observer sees photons which scattered for
the last time at different moments. This is called finite thickness effect. The probability that
the photon was scattered within the given conformal time interval and then avoided further
scattering until the conformal time η0, is given by the probability density function
P(η) = dµ(η)
dη
e−µ(η), µ(η) =
η0∫
η
a
τ
dη, (34)
where τ is the mean free time for Thomson scattering, which varies with time, and µ is
the optical depth. The function P is called visibility function. Due to the finite thickness
effect, the overall fluctuations of the CMB temperature as seen by an observer at the present
moment can be written as
δT
T
(η0, l) =
∫
δT
T
(η0, l; ηl)P(ηl)dηl. (35)
Since the visibility function can be approximated by a Gaussian function (see (7.2.25) in [16]
or (9.55) in [17]), the observed relative anisotropies in the CMB temperature can be written
as
δT
T
(η0, l) =
∫
d3k
(2π)3/2
(α(k) + β(k)∂0)ηr e
ik·l(ηr−η0)e−Σk
2
, (36)
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where the conformal time of recombination ηr is the time when the visibility function is
maximal and the function Σ is defined as Σ = (6κ2H(ηr)2)−1, κ being the ratio of the
ionization energy in the 2S state of the hydrogen atom to the energy kBTr corresponding to
the temperature of recombination Tr (see §3.6.3 in [17]).
4 Angular power spectrum
Relative anisotropies in the CMB temperature can be expanded into spherical harmon-
ics, with the coefficients that can be written as scalar products of the anisotropy with the
corresponding spherical harmonic,
δT
T
(η0, l) =
∑
lm
almYlm(l), alm =
∫
d2l
δT
T
(η0, l)Y
∗
lm(l). (37)
Since the CMB anisotropies are random, the coefficients alm are random as well, and in order
to compare the theory with the observational data, correlation functions must be introduced.
The two-point correlation function is defined as C(θ) =
〈
δT (η0, l1)δT (η0, l2)/T
2
〉
, where θ
is the angle between l1 and l2 and the angular brackets denote averaging over observer’s
positions. This function can be rewritten as a sum over multipole moments
C(θ) =
1
4π
∑
l
(2l + 1)ClPl(cos θ), (38)
where Cl =
〈|alm|2〉 are the coefficients of the angular power spectrum of CMB and Pl are
Legendre polynomials. The mean values
〈|alm|2〉 are independent on m because there is no
preferred direction in the universe, but for the given observer there always exists statistical
randomness in the CMB anisotropies, so that the observed values of |alm|2 with the given
multipole moment l are not the same for all m. The best estimate of the coefficients of
angular power spectrum is then given by averaging
Cl =
1
2l+ 1
l∑
m=−l
|alm|2, (39)
with an unavoidable error known as the cosmic variance,
∆Cl
Cl
=
√
2
2l+ 1
. (40)
Using (36) and (37) we find
Cl =
2
π
∞∫
0
τl(k)
2(2π)3PΦ(k)k2dk, (41)
where the functions τl(k) are defined as
τl(k)=
[
α(k)
Φ
(0)
k
jl(k(η0 − ηr)) + kβ(k)
Φ
(0)
k
j′l(k(η0 − ηr))
]
e−Σk
2
, (42)
jl being the spherical Bessel functions of the first kind, and the function PΦ(k), known as
power spectrum, is defined by〈
Φ
(0)
k
Φ
(0)
k′
〉
= (2π)3PΦ(k)δ(3)(k+ k′). (43)
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The functions τl(k) depend only on the comoving wavenumber k because they are solutions
to the equations governing the evolution of perturbations, which are isotropic, with the
primordial Newtonian potential Φ(0)
k
appearing in the initial conditions replaced by 1. The
power spectrum is usually written as PΦ(k) ∝ kns−4, where ns is the spectral index given by
the inflationary scenario describing the formation of perturbations. In our calculations we
have used the Planck value of spectral index ns = 0.96, which corresponds to the primordial
spectrum slightly tilted downwards.
Define the variance of the coefficients of angular power spectrum due to the presence of
radiation-like solid as
∆ξCl
Cl
=
Cl(ξ)− Cl
Cl
, (44)
where Cl and Cl(ξ) are the coefficients of angular power spectrum in a universe without
the radiation-like solid and with it respectively. The values of ∆ξCl/Cl are compared with
the cosmic variance for the Planck values of cosmological parameters in fig. 2 and 3. The
Fig. 2: The ratio of the variance of the coefficients of angular power spectrum due to the
presence of radiation-like solid to the cosmic variance, depicted for given values of the shear
modulus parameter ξ. On the horizontal axis we have combined logarithmic scale (for l up to
1000) with ordinary scale (l over 1000). The variance due to the presence of the radiation-like
solid surpasses the cosmic variance for very high multipole moments as well as for very low
ones if the integrated Sachs–Wolfe effect is not considered. With the integrated Sachs–Wolfe
effect included, the effect of radiation-like solid for low multipole moments is diminished, so
that the curves get under the cosmic variance for low multipole moments while not changing
for high ones.
integrated Sachs–Wolfe effect was not included into calculations since its contribution for
high multipole moments is negligible. For very high multipole moments, we have simplified
the calculation of the integral (41) by using the approximate formula (9.72) in [17]. Note
that in order to calculate Cl up to l = 7500, one has to know the functions α(k) and β(k)
not just up to kη∗ = 100 as in fig. 1, but at least up to kη∗ ∼ 150.
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Fig. 3: The values of the parameter ξ for which the variance due to the presence of the
radiation-like solid exceeds the cosmic variance (grey area). For the horizontal axis we have
combined logarithmic scale (for l up to 1000) with ordinary scale (l over 1000).
The coefficient C2(ξ) diverges due to the contribution of long-wavelength part of the
function τ2(k) to the integral (41). However, because of finite duration of inflation the
wavelengths of quantum fluctuations did not increase to infinity, hence the integral (41) is to
be computed with nonzero lower limit kmin; then, no divergence occurs. The value of kmin
can be estimated as kminη0 ∼ eNmin−N , where N is the number of e-folds during inflation
and Nmin is the minimal value of N needed to homogenize the universe on the scale of the
present-day Hubble radius. We have used kminη∗ = 0.01 (kminη0
.
= 0.5), which affects the
angular power spectrum only for the lowest multipole moments.
An explicit calculation shows that the enhancement of viscosity due to the effects of
polarization of photons, mentioned after equation (33), while affecting the coefficients Cl(ξ)
and Cl of the angular power spectrum for high multipole moments significantly, changes the
ratio ∆ξCl/Cl only slightly. The reason is that for given multipole moment the coefficients
Cl(ξ) and Cl are changed by similar factors. The same is true about the finite thickness
effect, and presumably also about the free-streaming of photons and reionization. We thus
believe that our results for high multipole moments are not qualitatively different from the
results which one would obtain with the use of full Boltzmann equation, in the sense that
for |ξ| & 10−4 the absolute value of √(2l + 1)/2∆ξCl/Cl would still exceed 1 for multipole
moments starting from a value between 2000 and 3000 depending on ξ, equal approximately
to that obtained in our calculation.
The presence of radiation-like solid can be confirmed by observations only if |∆ξCl/Cl|
>|∆Cl/Cl|. As seen from fig. 2 and 3, this holds for very high l, even if |ξ| is small enough
so that inverse inequality is valid for low l. To verify that the latter is true one can make use
of the result of [15] that for low l the integrated Sachs–Wolfe effect suppresses the effect of
radiation-like solid on Cl by a factor of about 50.
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5 Conclusion
We have applied perturbation theory in the proper-time comoving gauge to a universe
which contains, in addition to radiation, baryonic matter and CDM, a radiation-like solid
with the pressure to energy density ratio w = 1/3 and constant shear modulus to energy
density ratio ξ. The presence of such solid does not change the evolution of the unperturbed
universe.
In order to obtain results also for short-wavelength perturbations, we had to extend the
theory developed in [15] and suppose that the CDM and neutrinos were not coupled to the
baryon-radiation plasma. This produced a more complicated system of equations; however,
as shown in the appendix, the long-wave solution in both theories is the same. This provided
us with a simple check of the computed CMB anisotropies for very low angular moments,
since we could compare them directly with the results of [15].
We have calculated how a radiation-like solid influences the CMB angular power spectrum
and found that its presence has a significant effect on the angular power spectrum not only for
very low multipole moments, as shown in [15], but also for very high ones. It turns out that
the effect of the solid is suppressed with the increasing multipole moment less than the error of
the coefficients of angular power spectrum coming from the fact that we observe the universe
just from one place. The observational error caused by the dust in our Galaxy decreases
with multipole moment as well, therefore future observations of the CMB anisotropies with
high enough resolution could confirm or refute the presence of the radiation-like solid in our
universe with greater certainty than it is possible today.
For |ξ| ∼ 10−4, the effect is observable for l & 3000, which is the limit of Planck satellite
resolution. At the same time, according to [15], the large-angle anisotropies are not affected
significantly for such values of ξ if one considers also the integrated Sachs–Wolfe effect. We
have not included this effect into our work because it affects the angular power spectrum
significantly only for low multipole moments; however, if we take it into account we find
that our model is in agreement with current observations for the values of the shear modulus
parameter ξ close enough to zero, while causing effects not predicted by the standard theory
which are beyond the reach of current observations.
We have considered also negative ξ, which leads to instability of vector perturbations [14],
but the theory may still be relevant since such perturbations are not created in standard
inflationary models. We have not included free streaming of photons into the theory, which
however should not change the results qualitatively.
Acknowledgement. The work was supported by the grant VEGA 1/0985/16.
A Long-wave solution
Equations of motion (14)–(19) can be solved analytically in the long-wavelength limit
(s≪ 1). In order to do so it is useful to rewrite them in terms of new variables ∆dE = δˆd−E ,
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∆dB = Θ− B˜, ∆νE = δˆν − (4/3)E and ∆νB = Σ− B˜. The resulting equations are
E ′ = −s2B˜ − αH˜ǫ− αdH˜DdE − ανH˜DνE , (A-1)
B˜′ = c2s0ǫ+ ΞE ′ + (α− 1)H˜B˜ + αdH˜∆dB + ανH˜∆νB + 3ξc2s0E , (A-2)
∆dB
′
= −c2s0ǫ− H˜∆dB − 3ξc2s0E , (A-3)
∆dE
′
= −s2∆dB , (A-4)
∆νB
′ = −
(
c2s0 −
1
3
)
ǫ +
1
4
∆νE − 3ξc2s0E , (A-5)
∆νE
′ = −4
3
s2∆νB, (A-6)
where α = 3ρ+/(2ρ), ǫ = 3H˜B˜ + E , DdE = 3H˜∆dB + ∆dE and DνE = 3H˜∆νB + (3/4)∆νE. We
will consider this system of differential equations after the solidification time ζs, when the
parameter ξ is nonzero. Assuming the solidification time to be close to zero, ζs ≪ 1, the
initial conditions are ∆dE = 0, ∆
d
B = 0, ∆
ν
E = 0, ∆
ν
B = 0, E = −(9/2)Φ(0) and B = 0. From
now on we set Φ(0) = 1.
Our goal is to determine the potentials Φ and Ψ and the photon energy density contrast
δγ , which are needed to calculate the coefficients of the angular power spectrum by using the
integral (41). From the first equation in (23) it follows
E ′ = s2(H˜−1Ψ− B˜), (A-7)
therefore in the long-wavelength limit the function E can be approximated by a constant.
The initial condition for E then yields
E = −9
2
. (A-8)
Similarly, from equations (A-4) and (A-6) and the corresponding initial conditions we get
∆dE = 0, ∆
ν
E = 0. (A-9)
However, while the deviation of E from the value (A-8) is of order s2, the deviations of ∆dE
and ∆νE from zero are of order s
4. We will use these results in the following considerations.
The potential Ψ can be rewritten with the help of (A-1) and the first equation in (23) as
Ψ = ϕ− s−2H˜2(αdDdE + ανDνE), (A-10)
where ϕ = −s−2H˜2αǫ. Denote X = a/aeq = ζ(ζ + 2). Using equations of motion in the
zeroth and first order of the perturbation theory and solutions (A-8) and (A-9), we can write
the derivative of ϕ with respect to ζ as
ϕ′ =
(
f ′
f
+
fˆ ′
fˆ
)
ϕ+ C + 216ξs−2f fˆ , (A-11)
where f = (ζ + 1)X−3, fˆ = (4 + 3X)/(4 + 3N0xbX), N0 being the ratio of energy density
of radiation including neutrinos to photon energy density and xb being the ratio of baryon
energy density to the energy density of baryonic matter and CDM, and C = H˜2αB. The
function C can be written as
C = H˜2αB˜ξ=0 + C(ξ), (A-12)
where B˜ξ=0 denotes the function B˜ in a universe with no solid (solution of equations for
perturbations in which the shear modulus parameter ξ is set to zero) and C is a function of
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first order in ξ. Obviously, the function C is much smaller than the third term in (A-11) in
the long-wavelength limit, so that the function C can be computed assuming that ξ is zero.
With E given by (A-8) and s ≪ 1, equation (A-1) reduces to αǫ + αdDdE + ανDνE = 0.
Furthermore, by inserting from (A-9) into the definitions of DdE and DνE we get
DdE = 3H˜∆dB, DνE = 3H˜∆νB . (A-13)
Hence, if ξ is zero, ǫ can be expressed as a linear combination of ∆dB and ∆
ν
B (with the
coefficients depending on the time ζ) and, therefore, equations (A-3) and (A-5) can be reduced
to a system of linear differential equations for ∆dB and ∆
ν
B. The only solution of this system
satisfying the initial conditions is ∆dB = 0 and ∆
ν
B = 0, which implies that ǫ must be zero as
well. Therefore, using the definition of ǫ and (A-8), we get B˜ξ=0 = 3/(2H˜), and by inserting
this into the expression for the function C we find that C can be approximated as
C =
3
2
H˜α = 3
2
4 + 3X
X(ζ + 1)
. (A-14)
After determining the unknown function on the right hand side of the differential equation
(A-11), we can find ϕ by solving this equation. With the substitution ϕ = f fˆF , equation
(A-11) yields
F ′ =
C
ffˆ
+ 216ξs−2, (A-15)
and by a straightforward integration we obtain
F = 6ζ3
[
εζ
(
1
5
ζ + 1
)
+
1
3
+ ε+ (1− ε) 1
ζ + 1
]
+ 216ξs−2ζ, (A-16)
where ε = (3/4)N0xb. In order that the contribution of the solid to the perturbations is
comparable to or less than the contribution of the remaining components of matter, we
require that ξs−2 . 1.
To compute Ψ we need to know, in addition to the function φ, the functions DdE and ˆ˜∆E
up to the order s2. However, as mentioned before, the functions ∆dE and ∆˜
d
E are of order s
4;
thus, it suffices to know the functions ∆dB and ∆˜
d
B up to the order s
2. These functions are
given by equations (A-3) and (A-5), which can be rewritten as
∆dB
′
= s2
D
X
ffˆF − H˜∆dB +
27
2
ξc2s0, (A-17)
and
∆νB
′ = −s2εDffˆF + 27
2
ξc2s0, (A-18)
where D = Xc2s0/(H˜2α) = (3/2)X4/(4 + 3X)2 and the sound speed squared can be written
as a function of time as c2s0 = 1/[3(1 + εX)]. The latter equation integrates immediately and
the former equation can be integrated as well after passing from ∆dB to X∆
d
B.
For the potential Ψ we have
Ψ = f fˆF − s−2(Ed∆dB + Eν∆νB), (A-19)
where Ed = 3H˜3αd = 36xdfX and Eν = 3H˜3αν = 48νf , with CDM energy density to
energy density of CDM and baryonic matter ratio denoted by xd and neutrino energy density
to the energy density of all kinds of radiation ratio denoted by ν, xd = 1 − xb and ν =
1−N−10 . Inserting for F the expression (A-16) and for ∆dB and ∆˜dB the expressions obtained
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by integrating equations (A-17) and (A-18), after some algebra we arrive at the formula
derived in [15] for a universe in which all kinds of matter are coupled to each other. The
formula reads
Ψ =
3
2
fζ3
(
3
5
ζ2 + 3ζ +
13
3
+
1
ζ + 1
)
+ 216ξ˜s−2fζ. (A-20)
where ξ˜ = µ/ρsr, ρsr = N0ρsγ being the total energy density of the solid and radiation
(photons and neutrinos).
Having determined Ψ, we can compute the Newtonian potential Φ from the second equa-
tion in (23). We obtain immediately the same expression as in [15],
Φ = Ψ− 108ξ˜s−2 1
X2
. (A-21)
Finally, from equation (25) we find that the photon energy density contrast is δγ = 4Ψ− 6.
As a result, the function α(k) can be written in terms of Φ and Ψ as α(k) = Φ +Ψ− 3/2.
In the calculation of the coefficients of angular power spectrum we need the value of the
function α(k) at the time of recombination ζ = ζr. For cosmological parameters which are
obtained from the data assembled by the satellite Planck we have ζr = 1.062, which yields
αr(k) = 0.371 + 17.3ξ˜s
−2.
To find the contribution of Silk damping to the temperature fluctuations we need to
extend the expression for Φ by the viscosity term which has been omitted in the second
equation (23). (Viscosity term in the equations for perturbations was kept, since it plays
an important role for wavenumbers which are not small.) Viscosity contributes to Φ and Ψ
by terms of order k0 or ξk−2 so that it is in principle relevant in the long-wavelength limit,
however, because the viscosity coefficient is small, the Silk damping can be neglected in the
considered limit. Since the function kβ(k) is zero in this limit, the Doppler effect can be
neglected as well. On the other hand, contribution of integrated Sachs–Wolfe effect cannot
be neglected for small multipole moments. To calculate it one can use relations (64) in [15],
with additional terms originating in the decoupling of CDM and neutrinos.
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